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Steady Euler flows on the 3-sphere and other
Sasakian 3-manifolds
Radu Slobodeanu
Abstract. We present new steady Euler solutions on the (round) 3-sphere, that bi-
furcate from an ansatz proposed in [11], showing that these previously known solutions
are not isolated. We also extend this ansatz to any Sasakian 3-manifold, such as the
Heisenberg group and SL(2,R).
1. Introduction
A steady Euler field on a Riemannian 3-manifold (M, g) is a tangent vector field u on
M that satisfies the stationary Euler equations
(1) ∇uu = −grad p, div u = 0
for some pressure function p on M . This notion is the natural extension of the velocity of
an incompressible inviscid fluid (of constant density) in equilibrium, in a domain of the
euclidean space. For more informations on topological and dynamical aspects related of
fluid mechanics, see the monograph [1] and the introductory paper [17].
An equivalent reformulation of (1) is
(2) u× curl u = grad b, div u = 0,
where b = p+ 1
2
|u|2 is the Bernoulli function and curl u = (∗du♭)♯ the vorticity field (here
∗ is the Hodge star operator on (M, g)). It is well-known that the Bernoulli function b
must be constant along a steady Euler flow (i.e. u(b) = 0). As we can see from (2), b is
even (locally) constant if a divergence-free vector field aligns with its own curl, that is, if u
belongs to a special class of steady Euler fields, called Beltrami fields. These observations
lead to important dynamical consequences for a steady Euler flow, cf. Arnold’s structure
theorem [1], in compact analytic setting: either b is not a constant and (away from a
codimension at least 1 critical set) the stream and vortex lines of u are constrained to
lie on the regular level sets b−1(c) all of whose connected components are tori (provided
that M is boundaryless), so that u has laminar behaviour ; or b is a constant and u must
be a Beltrami field, which may exhibit turbulent behaviour (see [17] for more general
statements).
In this paper we are interested in constructing smooth explicit solutions (with non-
constant b) of the stationary Euler equations on the round 3-sphere S3 and other spaces
with similar geometry. We mention that some explicit constructions of Beltrami fields (b
constant) on the 3-sphere and the 3-torus and their (contact) topological features have
been recently studied in [8, 19].
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The starting point is the following simple ansatz of steady flow on S3, proposed in
[11] (see also [12]):
(3) u = A(cos2 s)ξ +B(cos2 s)ξ′.
where (cos s eiφ1, sin s eiφ2) is the ”toroidal” parametrisation of S3, ξ = ∂φ1+∂φ2 is the Hopf
vector field, and ξ′ = ∂φ1 − ∂φ2 the anti-Hopf vector field (see Appendix for details). Any
vector field u of the form (3) is a (globally defined) steady solution of the Euler equations
on S3, for any choice of (smooth) functions A and B, and will be called a KKPS solution
in what follows. Notice that cos2 s is a first integral for both fields ξ and ξ′, and that (3) is
reminiscent of the local description of steady flows [1, Prop.1.5.] in terms of coordinates
that mimic the action-angle variables. A very important property of the KKPS solutions
is that not only the Bernoulli function is conserved along the flow but also the velocity
norm: u(|u|2) = 0. Some KKPS vector field solutions are S-integrable (i.e. they span the
fibres of a global almost submersion), cf. [20]. See [21] for an S-integrable steady Euler
solution that do not belong to the KKPS family. Two natural questions arise:
1. Can this class of solutions be extended either by replacing ξ and
ξ′ with other Killing fields, or with other curl-eigenvectors? If yes, does
this construction have an analogue in other spaces with similar geometry
(e.g. contact metric manifolds, space forms)?
2. Are these solutions isolated in the space of solutions on S3?
To have a brief overview of the first question, let us consider a vector field u =
f1K1 + f2K2 on (M, g), where K1, K2 are Killing fields of constant norm (supposed to
exist on M) and f1, f2 are first integrals of K1 and K2 respectively (i.e. Ki(fi) = 0). A
quick check shows us that:
∇uu = −f1f2 grad(g(K1, K2)) +K1(f1f2)K2 +K2(f1f2)K1, div u = 0.
This shows that some cumbersome conditions should be further imposed in order to
ensure that u is a steady Euler field (e.g. f1, f2 common first integrals for K1 and K2 and
g(K1, K2) = F(f1f2)).
In special contexts, it is nevertheless easy to pinpoint the analogue of the KKPS
ansatz. For instance, in the negative constant curvature space H3, seen via the half-space
model {(x, y, z) : z > 0}, the following is a steady Euler field, for any choice of A and B,
(4) u = A(z)∂x +B(z)∂y .
For the second question we should be able to find out whether the solutions (3) admit
(1-parameter) continuous deformations (not leaving the space of solutions) such that there
exists no isometry relating the deformed solutions to a KKPS solution. In this respect
the following notion will be very useful.
Definition 1 ([7]). A steady Euler solution u on (M, g) is called localizable if its
norm is conserved along the flow: u(|u|2) = 0 everywhere on M .
We can use the localizability property to distinguish between solutions, since we have
the following
Lemma 1. Localizability property is invariant to isometries.
Proof. Let (M, g) be a Riemannian manifold and u and v be two tangent vector
fields on M , related by an isometry ϕ ∈ Iso(M): dϕ(u) = v ◦ ϕ. Then dϕ(∇uu) = ∇vv,
and we have g
(
∇uu, u
)
= g
(
dϕ(∇uu), dϕ(u)
)
= g
(
∇vv, v
)
, that is u(|u|2) = v(|v|2), from
which the conclusion follows. 
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The organization of the paper is as follows. In Section 2 we extend the KKPS ansatz to
any Sasakian 3-manifold and give some simple examples, thus partially answering the first
Question above. In Section 3 we answer in the negative the second Question above, on the
3-sphere, by proving the non-isolation of KKPS solutions in our main result, Theorem 1.
The proof is based on the explicit construction of new steady Euler fields that turn out to
be deformations of specific KKPS solutions. We end with an Appendix including the main
notations and basic facts about the 3-sphere geometry as well as a list of steady Euler
solutions isometrically related to the KKPS class. We mention that, at various points
along the paper, some explicit computations are needed and they have been done using
Mathematica [24]; the corresponding files are available from the author, upon request.
2. Sasakian KKPS ansatz
In this section we show how the ansatz (3) extends to any Sasakian 3-manifold. Let
us briefly recall some basic facts about Sasakian geometry; for more information we refer
the reader to the monograph [5].
A Sasakian manifold, denoted as (M, ξ, η, φ, g), is a 3-manifoldM (or odd-dimensional
manifold in general) endowed with the following structures: a contact form η (i.e. a 1-form
such that η ∧ dη 6= 0), a Reeb vector field (uniquely defined by the conditions η(ξ) = 1
and dη(ξ, ·) = 0), a (1, 1)-tensor field φ such that φ2 = −I + η ⊗ ξ and a Riemannian
metric g such that 1
2
dη(·, ·) = g(·, φ(·)), η(·) = g(·, ξ) and with respect to which ξ is a
Killing vector field. We recall that in this context φ can be seen as a transverse (to ξ)
complex structure, and that φX = −∇Xξ. On each Sasakian 3-manifold one can (locally)
choose an adapted orthonormal frame {ξ,X1, X2 = −φX1}, whose properties are listed
in [18]. We recall here only the commutation relations that define the structure functions
Ci, i = 0, 1, 2:
[ξ,X1] = −(C0 + 1)X2, [X1, X2] = −2ξ + C1X1 + C2X2, [X2, ξ] = −(C0 + 1)X1.(5)
Any compact Sasakian 3-manifold fits into one of the following diffeomorphism classes [10]:
(6) S3/Γ, Nil3/Γ, S˜L(2,R)/Γ ,
where Γ is any discrete subgroup of the isometry group of the corresponding canonical
metric. Moreover, Belgun’s metric classification [3, 4] implies that any possible Sasakian
structure is a deformation of type I or of type II of a standard Sasakian structure on each
of these spaces [5]. These standard structures will be used for exemplification in the last
part of this section.
Inspired by [9], we propose the following ansatz on a Sasakian 3-manifold M :
(7) u = F (ψ)ξ + φ(gradG(ψ)),
where F,G are arbitrary smooth real functions, and ψ is a function on M .
The following proposition tells us how to decide if a solenoidal vector field on M can
be written in the form (7) for some function ψ preserved by the Reeb field (i.e. ξ(ψ) = 0).
This is particularly useful when there exists a globally adapted orthonormal frame (as it
is the case in the examples considered in this paper). If H1(M) = 0, the ansatz (7) covers
all vector fields that are invariant by ξ, i.e. [ξ, u] = 0.
Proposition 1. Let (M, ξ, η, φ, g) be a Sasakian 3-manifold and u vector field on M .
Let f , f1, and f2 be the components of u with respect to a (local) adapted orthonormal
frame {ξ,X1, X2 = −φX1}. If u is of the form (7), for some function ψ on M with the
property ξ(ψ) = 0, then u is ξ-invariant, i.e. [ξ, u] = 0, or, equivalently:
(8) ξ(f) = 0, ξ(f1) = −(C0 + 1)f2, ξ(f2) = (C0 + 1)f1
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If in addition H1(M) = 0, then the converse is also true.
Proof. Let u be of the form (7) for some function ψ such that ξ(ψ) = 0. Applying φ
to both members of (7) and using the fact that gradG(ψ) is orthogonal to ξ, we obtain
that φu is a gradient vector field, so in particular it is closed: g(∇Y φu, Z) = g(∇Zφu, Y ),
for all vector fields Y and Z. After simple computations, we see that this condition is
satisfied for Y = ξ, Z = X1 iff ξ(f2) = (C0+1)f1, for Y = ξ, Z = X2 iff ξ(f1) = −(C0+1)f1
and for Y = X1, Z = X2 iff ξ(f) = 0 (here we need div u = 0 that is implied by ξ(ψ) = 0
as we will show in the next proposition). By bilinearity, this triple condition is equivalent
to the condition that φu is closed, and the conclusion follows. 
The following result displays an optimal set of conditions that a function ψ should satisfy
so that u defined by (7) yields a steady Euler solution on M .
Proposition 2. Let (M, ξ, η, φ, g) be a Sasakian 3-manifold and u a vector field on
M be given by (7), with ψ not identically constant.
(i) The vector field u is divergence-free if and only if either F ′ = 2G′ or ψ is a first integral
of the Reeb field ξ (i.e. ξ(ψ) = 0).
(ii) If G′ is nowhere vanishing and the following conditions are satisfied
(9) ξ(ψ) = 0; ∆G(ψ) = F (ψ)
(
F ′(ψ)
G′(ψ)
− 2
)
,
then u is a Beltrami field with proportionality factor F ′(ψ)/G′(ψ).
In particular, on M = S3 with the standard metric, the vector field u = kG(ψ)ξ +
φ(gradG(ψ)) is a strong Beltrami field (curl eigenvector) for the eigenvalue k ∈ Z if
ξ(ψ) = 0 and G(ψ) is an eigenfunction of the Laplacian (on S3) with eigenvalue k(k−2).
(iii) If the functions ψ and G satisfy the conditions
(10) ξ(ψ) = 0, ∆G(ψ) = G(ψ),
for some (smooth) real function G, then u is a steady solution of the Euler equations on
M with pressure p = −1
2
|gradG(ψ)|2 −
∫ ψ
0
(G(q) + 2F (q))G′(q)dq.
Proof. (i) Consider a (local) adapted orthonormal frame {ξ,X1, X2 = −φX1}, having
the properties described in [18, §2]. With respect to this frame we have
(11) u = F (ψ)ξ +X2(G(ψ))X1 −X1(G(ψ))X2.
Using [18, (2.5)] we obtain div u = ξ(F )+X1(X2(G))−X2(X1(G))−C1X1(G)−C2X2(G) =
ξ(F ) − 2ξ(G), where we wrote simply F and G instead of F (ψ) and G(ψ), in order to
alleviate the notations. The conclusion is immediate.
(ii) Using [18, (2.6)], we obtain easily that
(12) curl u =
(
∆G(ψ) + 2F (ψ)
)
ξ +X2(F (ψ))X1 −X1(F (ψ))X2.
Comparing with (11), we see that the condition curl u = θu (u is a Beltrami field) is
satisfied provided that (9) holds true.
(iii) In order to prove that u is a steady Euler field, we compute ∇uu and show that
it is the gradient of some function which represents the pressure of the fluid (up to
a constant). We shall use repeatedly [18, (2.6)] and the hypothesis that ψ is a first
integral of ξ (so ξ(F (ψ)) = ξ(G(ψ)) = 0) which implies, via the structure equations,
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that ξ(X1(ψ)) = −(C0 + 1)X2(ψ) and ξ(X2(ψ)) = (C0 + 1)X1(ψ), and therefore also
ξ(|gradψ|2) = 0. After a long but elementary computation, we obtain:
∇uu =
(
X2(G(ψ))X1(F (ψ))−X1(G(ψ))X2(F (ψ))
)
ξ+(
2F (ψ)X1(G(ψ)) +
1
2
G′(ψ)2X1
(
X1(ψ)
2 +X2(ψ)
2
)
+G′(ψ)2X1(ψ)∆ψ
)
X1+(
2F (ψ)X2(G(ψ)) +
1
2
G′(ψ)2X2
(
X1(ψ)
2 +X2(ψ)
2
)
+G′(ψ)2X2(ψ)∆ψ
)
X2
=2F (ψ)G′(ψ)gradψ + G
′(ψ)2
2
grad(|gradψ|2) +G′(ψ)2(∆ψ) gradψ
=2F (ψ)G′(ψ)gradψ + 1
2
grad(|gradG(ψ)|2) + ∆G(ψ) gradG(ψ).
(13)
where in the second equality we used again ξ(|gradψ|2) = 0. Taking ∆G(ψ) = G(ψ) into
account, it becomes clear that the right hand side of (13) is a gradient vector.
An alternative proof, in the case when H1(M) = 0, can be obtained by checking that
[u, curlu] = 0 which implies (2); for this we use (12). 
Remark 1 (Regular case). If the Sasakian structure is regular and M is compact, the
Reeb field is the unit vertical field of a circle bundle over a surfuce Σ. In this case, the
condition ξ(ψ) = 0 says that ψ is a basic function (it is the composition of a function
on the base with the bundle projection pi : M → Σ). In particular, on the 3-sphere, item
(ii) in the above Proposition shows that one can construct strong Beltrami fields (i.e.
eigenfields of curl) on S3 purely in terms of eigenfunctions of the Laplacian on S2(1
2
),
using the Hopf fibration seen as Riemannian submersion S3 → S2(1
2
), cf. also [13].
The first examples of functions satisfying (10) are provided by the isoparametric func-
tions that are constant along the Reeb flow. Recall that a smooth function f :M → R is
called isoparametric [6, 23] if
(14) |gradψ|2 = F1(ψ), ∆ψ = F2(ψ).
On a space formM , these conditions characterize a function whose regular level sets form
a parallel family of hypersurfaces with constant mean curvature; they also have constant
principal curvatures, i.e. they are isoparametric hypersurfaces (see [2, Ch.2], and for a
broader historical survey, [22]).
Corollary 1. If ψ is a isoparametric function with the property ξ(ψ) = 0, then u is
a localizable steady Euler field on M , for any (analytic) functions F , G.
In the remaining part of this section we will illustrate the above results on the three
regular Sasakian models, with spherical, Nil, and S˜L2-type geometries. It would be
interesting to know whether there exist steady Euler fields of the form (7) on any compact
Sasakian 3-manifold, that is on compact quotients of the three standard spaces, endowed
with a metric given as a deformation of type I or II of the standard one.
Example 1 (Spherical geometry). The KKPS ansatz (3) is a particular instance of the
new ansatz (7). To see this, consider the isoparametric function ψ(cos s eiφ1, sin s eiφ2) =
cos2 s on S3 and (7) becomes: u = [F (cos2 s)+cos 2sG′(cos2 s)]ξ−G′(cos2 s)ξ′, that clearly
has the form (3). In particular, the nonvanishing KKPS-type Beltrami fields studied in
[19] are of the form (7) and satisfy (9).
It is important to notice that the above example is essentially the unique example for
Corollary 1 on S3. Indeed, the isoparametric functions on a (round) sphere Sm are given
by the so called Cartan-Mu¨nzer polynomials on Rm+1 that can have degree p = 1, 2, 3, 4
or 6 [14, 15], degree that coincides to the number of distinct principal curvatures of the
regular level sets (which are surfaces in our case m = 3). As the case p = 1 is excluded
(it cannot be ξ-invariant), the only remaining case is p = 2 that corresponds to Example
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1 above. At a first sight this might be surprising, since the following degree 4 polynomial
introduced by Nomizu in [16] defines an isoparametric function on S3 ⊂ R2 × R2:
(15) ψ(x1, y1, x2, y2) =
(
|(x1, x2)|
2 − |(y1, y2)|
2
)2
+ 4 〈(x1, x2), (y1, y2)〉
2 .
Equivalently, in Hopf coordinates, the above function is given by ψ(cos s eiφ1 , sin s eiφ2) =
1
4
(3+cos(4s)+2 sin2(2s) cos 2(φ1−φ2)). Moreover, ψ is constant along ξ, so, by Corollary
1, the corresponding vector field u defined by (7) is a steady Euler field on S3.
But actually this is not a new solution, as the global isometry defined by Ψ(x1, y1, x2, y2) =(
1√
2
(x1 + y2),
1√
2
(y1 − x2),
1√
2
(y1 + x2),
1√
2
(−x1 + y2)
)
pull the function ψ in (15) back to
the function 4(x21 + y
2
1)(x
2
2 + y
2
2), that is sin
2 2s, which is covered by Example 1.
Nonetheless, we shall see in the next section that Nomizu’s function is useful for
deriving new solutions.
Example 2 (Nil geometry). The 3-dimensional Heisenberg group Nil3 is the Lie group
of all real matrices

1 x z0 1 y
0 0 1

 on which the subgroup with integer entries Γ = Z3 acts by
left multiplication. Then the (compact) 3-dimensional Heisenberg nilmanifold is defined
as M = Nil3/Γ. The field ξ = 1
2π
∂z is the Reeb field associated to the contact form η =
2pi(dz−xdy) that admits the adapted Sasakian metric is g = pi(dx2+dy2)+4pi2(dz−xdy)2.
The function ψ :M → R, ψ(x, y, z) = cos 2pi(x− y) satisfies (14), so any vector field
of the form (7) is a localizable steady Euler solution on (Nil3/Γ, g).
Example 3 (S˜L2 geometry
1). On the Lie group SL(2,R) (the covering of the unit
tangent bundle T1Σg of a compact oriented surface Σg of genus g > 1, and with constant
−2 Gaussian curvature) we consider the contact form η = 2dθ+ 1
y
dx, with (regular) Reeb
field ξ = 1
2
∂θ and the adapted Sasakian metric g =
1
2y2
(dx2 + dy2) + (2dθ + 1
y
dx)2, where
the coordinates (x, y, θ) ∈ R× (0,∞)× [0, 2pi] are given by the Iwasawa decomposition of
matrices on SL(2,R).
The function ψ : SL(2,R) → R, ψ(x, y, z) = x/y satisfies (14), so any vector field of
the form (7) is a localizable steady Euler solution on (SL(2,R), g).
3. Solutions on the 3-sphere and non-isolation
In this section we find new solutions of the steady Euler equations on S3 endowed
with the round metric. These solutions form two 1-parameter families of solutions that
”bifurcate” from the KKPS class of solutions. This will allow us to prove the main result
in Theorem 1 stating that the KKPS solutions are not isolated.
The first family of new solutions belongs to the new ansatz (7) based on a deformation
of Nomizu’s function (15).
Proposition 3. Consider the following family vector fields on S3, indexed by a ≥ 0:
(16) ua = F (ψa)ξ + φ(gradψa),
where F is a smooth real function, and the function ψa is defined in terms of Hopf coordi-
nates on S3 as ψa =
1
4
(3 + cos(4s) + 2a sin2(2s) cos 2(φ1 − φ2)). The following statements
hold true.
(i) For any a, the vector field ua is a steady Euler solution on S
3 with Bernoulli function
(17) b = 1
2
F (ψa)
2 − 12ψ2a + 16ψa − 2
∫ ψa
0
F (q)dq.
1Compare with [1, §4.D]
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In particular, if F (x) = 2(3x − 2), then ua is a strong Beltrami field, that is, for any a,
ua is an eigenvector of the curl operator for the eigenvalue µ = 6.
(ii) If a = 0, then ua is a KKPS steady Euler solution (i.e. of the form (3)). If a = 1,
then ua is a KKPS steady Euler solution up to isometries.
(iii) If a 6= 0, 1, then there exists no isometry relating ua to any member of the KKPS
family (3).
Proof. (i) If a = 0, ψa is a function of cos
2 s that is isoparametric, while if a = 1, ψa
is Nomizu’s functon (15), so it is again isoparametric. If a /∈ {0, 1}, the function ψa is not
isoparametric, but we still have ξ(ψa) = 0 (so ξ(|gradψa|
2) = 0), and ∆ψa = 8(3ψa − 2).
Since ua is of the form (7) with G(x) = x, it is a steady Euler field according to Prop. 2.
(ii) The field u0 is of KKPS type cf. Example 1. The fact that u1 is isometrically related
to a KKPS-type field follows from the discussion following Equation (15) and by noticing
that the isometry Ψ indicated there preserves the fields in the standard frame (21).
(iii) We directly compute ua(|ua|
2) = 16a(a2 − 1) sin 2s sin 4s sin 2(φ1 − φ2). Therefore, if
a 6= 0, 1, the field ua is not localizable. Since all KKPS solutions are necessarily localizable,
by Lemma 1 the conclusion follows. 
The second family of new solutions is of the form u = f1K1 + f2K2 briefly considered
in the Introduction.
Proposition 4. Consider the following family vector fields on S3, indexed by two
parameters a1, a2 ∈ R, at least one of them being non-zero (a
2
1 + a
2
2 6= 0):
(18) u = sin 2s
(
a1 sin(φ1 + φ2)X1 + a2 cos(φ1 + φ2)X2
)
.
The following statements hold true.
(i) For any a1, a2, the vector field u is a steady Euler solution on S
3 with Bernoulli function
(19) b = 1
4
(
a1a2 cos 4s+ (a
2
1 + a
2
2 − (a
2
1 − a
2
2) cos 2(φ1 + φ2)) sin
2 2s
)
.
(ii) If a1 = a2, then u is a curl eigenvector (strong Beltrami field) for the eigenvalue
µ = 4. Conversely, if u is a Beltrami field, then a1 = a2.
(iii) If a1 = −a2, then u is a KKPS steady Euler solution, while if a1 6= −a2, and a1a2 6= 0,
then there is no isometry relating u to any member of the KKPS family (3).
Proof. (i) By direct computation we find ∇uu = a1a2 sin 4s ∂s, so u satisfies the first
equation in (1) with p = 1
4
a1a2 cos 4s. To see also that div u = 0, remind that X1, X2 are
Killing vector fields and check thatX1(sin 2s sin(φ1+φ2)) = 0 andX2(sin 2s cos(φ1+φ2)) =
0. The Bernoulli function b is easily computed using the pressure p identified above (up
to an additive constant) and the norm of u.
(ii) If a1 = a2, then the Bernoulli function b is identically constant and (2) shows us
that u is a Beltrami field. It remains to verify that the proportionality factor is constant.
One option is to check that u verifies the equations [18, (2.7)], showing that it is actu-
ally an eigenvector for the eigenvalue µ = 4 (tangent to the contact distribution ker η).
Otherwise, notice that the coefficients in the standard basis fi = 〈u,Xi〉 are harmonic ho-
mogeneous polynomials of degree 2 on R4 (f1 = 2a1(y1x2 + x1y2), f2 = 2a2(x1x2− y1y2)),
so eigenfunctions of the Laplacian on S3 for the eigenvalue λ = 8. It is known that the
components in the standard basis of curl µ-eigenvectors on the round S3 are Laplacian
eigenfunctions with eigenvalue µ(µ− 2) (see e.g. [18]).
For the converse, compute first X1(b) = −a2(a1 − a2) sin 4s cos(φ1 + φ2) and X2(b) =
a1(a1 − a2) sin 4s sin(φ1 + φ2). If u is a Beltrami field, then b is a constant (this has to
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happen globally because we are in the analytic setting), and, in particular, X1(b) and
X2(b) computed above must vanish everywhere, so a1 = a2.
(iii) As ξ′ = cos 2s ξ + sin 2s sin(φ1 + φ2)X1 − sin 2s cos(φ1 + φ2)X2, if a1 = −a2 we have
u = a1(− cos 2s ξ + ξ
′) which is of the KKPS form (3).
Let us check now the localizability property of u. By direct computation we obtain
u(|u|2) = a1a2(a1 + a2) sin 2s sin 4s sin 2(φ1 + φ2) so if a1 6= −a2 and a1a2 6= 0, the
field is not localizable. But KKPS solutions are all localizable, so Lemma 1 yields the
conclusion. 
Remark 2 (Mirror solutions). The vector fields from the following family also verify
the steady Euler equations on S3:
u = a1 sin 2s sin(φ1 − φ2)X
′
1 + a2 sin 2s cos(φ1 − φ2)X
′
2.
They can be isometrically related to (18) (so they do not represent new solutions) through
an isometry that changes φ2 into −φ2, transforming the standard frame (21) into the
”mirror frame” (23). We call the solutions obtained in this way, mirror solutions. Notice
that the KKPS solutions are their own mirrors in the sense that the mirror of a solution
(3) has the same form. See section 4.2 for more mirror solutions.
Now we are ready to prove our non-isolation result:
Theorem 1. The family of KKPS solutions on S3 is not isolated: there exist steady
Euler solutions (with non-constant Bernoulli function b) as well as Beltrami fields (b
constant) that are arbitrarily Ck-close to the KKPS family, without being members of it.
Proof. Let us consider the smooth 1-parameter family ua defined by (18) with a1 = 1
and a2 = a− 1, for a ≥ 0. We have ua − u0 = a sin 2s cos(φ1 − φ2)X2 and it is immediate
to see that there exists a positive constant C such that:
(20) ‖ua − u0‖Ck := sup |ua − u0|+
k∑
i=1
sup |∇i(ua − u0)| < Ca,
where | · | is the norm of vector fields induced by the metric and ∇i is the ith covariant
derivative. This shows us that ua is as close as we wish to the KKPS solution u0 with
respect to the distance given by the Ck norm (k ∈ N arbitrarily fixed). At the same time,
according to Proposition 4 (iii), ua, a > 0 is not (isometric to) a KKPS solution, that
completes the proof of the first statement.
Let us consider now the family ua, a ≥ 0 in (16) that bifurcates from the KKPS
solution u0. In this case ua − u0 = [F (ψa)− F (ψ0)]ξ +
a
2
φ(grad (sin2(2s) cos 2(φ1 − φ2))).
In particular, if F is the linear function F (x) = 2(3x−2) for which ua is a strong Beltrami
field (eigenvector of curl operator) cf. Proposition 3(i), then the estimate (20) holds true.
So ua>0 may be arbitrarily C
k-close to the KKPS curl eigenvector u0, but they are not
isometrically related, cf. Proposition 3(iii), thus proving the second statement.
In the case when F is non-linear, the conclusion remains true, but the estimate (20) is
less straightforward to obtain (it is enough to estimate the Ck-norm of [F (ψa)− F (ψ0)]ξ
that reduces to show that the absolute value of the partial derivatives up to k of F (ψa)−
F (ψ0) are upper bounded by Ca; the latter follows from the mean value theorem). 
Remark 3. It is worth to compare this result with [12, Theorem 3.4] stating that, on
S3, if there exists a steady Euler solution Ck-close to a stationary nondegenerate shear
Euler flow (which is a particular type of KKPS solution), then their Bernoulli functions
are similar (in a precise sense), up to a small deformation. We mention that the KKPS
solutions ua=0 that we deform are not nondegenerate shear Euler flows, since the critical
set of the Bernoulli function is larger that the Hopf link (see [12] for definitions).
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4. Appendix
4.1. The 3-sphere geometry basics. The sphere S3 is seen a the set of points
(z1, z2) ∈ C
2 with |z1|
2 + |z2|
2 = 1. Denoting zj = xj + iyj, at each point (x1, y1, x2, y2) ∈
S3 we have the orthonormal (global) frame of Killing vector fields, which, at the same
time, form a L2-basis in the space of eigenvectors of curl operator for the lowest positive
eigenvalue µ1 = 2:
ξ = −y1∂x1 + x1∂y1 − y2∂x2 + x2∂y2 ,
X1 = −x2∂x1 + y2∂y1 + x1∂x2 − y1∂y2 ,
X2 = −y2∂x1 − x2∂y1 + y1∂x2 + x1∂y2 .
(21)
The structure functions in (5) are identically constant: C0 = 1, C1 = C2 = 0.
It is often useful to work in the Hopf coordinates : (x1, y1, x2, y2) = (cos s e
iφ1, sin s eiφ2),
s ∈ [0, pi/2], φi ∈ [0, 2pi). The round metric reads g = ds
2 + cos2 sdφ21 + sin
2 sdφ22 and
standard orthonormal frame above become
ξ = ∂φ1 + ∂φ2 ,
X1 = cos(φ1 + φ2)∂s + sin(φ1 + φ2)(tan s ∂φ1 − cot s ∂φ2),
X2 = sin(φ1 + φ2)∂s − cos(φ1 + φ2)(tan s ∂φ1 − cot s ∂φ2).
(22)
The eigenspace of curl operator associated to the first negative eigenvalue µ−1 = −2
is spanned by the following three Killing vector fields (obtained from (22) by using the
orientation reversing isometry (x1, y1, x2, y2) 7→ (x1, y1, x2,−y2) of S
3):
ξ′ = ∂φ1 − ∂φ2 ,
X ′1 = cos(φ1 − φ2)∂s + sin(φ1 − φ2)(tan s∂φ1 + cot s∂φ2),
X ′2 = sin(φ1 − φ2)∂s − cos(φ1 − φ2)(tan s∂φ1 + cot s∂φ2).
(23)
4.2. Twin and mirror solutions. The same solution can appear disguised in var-
ious forms, that are isometrically related. We provide here a list of such ”twins” of the
solutions discussed in this paper.
The following vector fields (the second being the ”mirror” of the first one)
u = F (sin 2s sin(φ1 + φ2))X1 +G(sin 2s sin(φ1 + φ2))ξ
′
u = F (sin 2s sin(φ1 − φ2))X
′
1 +G(sin 2s sin(φ1 − φ2))ξ
(24)
are steady solutions of the Euler equation for any choice of functions F and G. Remark
that sin 2s sin(φ1 + φ2) is a first integral for both fields X1 and ξ
′. The isometry defined
by x′1 =
1√
2
(x1− y2), y
′
1 =
1√
2
(y1− x2), x
′
2 =
1√
2
(x2 + y1), y
′
2 =
1√
2
(x1+ y2) pulls ξ back
2 to
−X1, the prime integral x
2
1 + y
2
1 − x
2
2 − y
2
2 back to −2(x1y2 + x2y1), and it preserves ξ
′.
Therefore the solutions (24) are isometrically equivalent to the KKPS solutions.
Analogously we have the solutions:
u = F (sin 2s cos(φ1 + φ2))X2 +G(sin 2s cos(φ1 + φ2))ξ
′
u = F (sin 2s cos(φ1 − φ2))X
′
2 +G(sin 2s cos(φ1 − φ2))ξ
(25)
Another solutions akin to (18) are
u = a cos 2s ξ + b sin 2s sin(φ1 + φ2)X1,
u = a cos 2s ξ + b sin 2s cos(φ1 + φ2)X2.
(26)
2Here by pull-back of a vector field X through some mapping ϕ we mean (ϕ∗X♭)♯ and the pull-back
of a function f on the codomain is f ◦ ϕ defined on the domain of ϕ.
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A solution based on X1 and X
′
2 (and its mirror) is:
u = F (cos2 s sin(2φ1)− sin
2 s sin(2φ2))X1 +G(cos
2 s sin(2φ1)− sin
2 s sin(2φ2))X
′
2
u = F (cos2 s sin(2φ1) + sin
2 s sin(2φ2))X
′
1 +G(cos
2 s sin(2φ1) + sin
2 s sin(2φ2))X2.
(27)
Finally, we have the solution based on X1 and X
′
1 and on X2 and X
′
2 (which are their own
mirrors):
u = F (cos2 s cos(2φ1) + sin
2 s cos(2φ2))X1 +G(cos
2 s cos(2φ1) + sin
2 s cos(2φ2))X
′
1
u = F (cos2 s cos(2φ1)− sin
2 s cos(2φ2))X2 +G(cos
2 s cos(2φ1)− sin
2 s cos(2φ2))X
′
2.
(28)
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